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MATHEMATICS

Full Marks : 80

.Time : 3 hours

Paper : 1.1

The figures in the margin indicate full marks

for the questions

( Objective-type questions )
( Marks : 32)

SECTION—A

Four keys are provided for the correct answer to

each question. Write the correct answer.

1. The geometric series

l+x+x

converges to

1
a
@ 1+x
1
c ——
© x-1
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+ --+ oo

(b)

(d)

2x16=32

—l<x<1)
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2. Which of the following is correct?

fa) Pointwise convergence = uniform
convergence

{b) Non-uniform convergence = not
pointwise convergence

fc) Uniforn convergence < pointwise
convergence

(dj Uniforrn convergence = pointwise
convergence

3. The sequence f,(x)=nxe” “"z,xz{) is

uniformly convergent in

@ 163
®) 10,2]
€ 10k, k>0

{d) None of the above

4. The series
X X X
+ + +-
l+x (1+X3+2x) (Q+2x03+3x)

- 0O

is

fa) uniformly convergent on la b}, a >0
{b) not uniformly convergent on [0, b
fc) not pointwise convergent in [0, b|

{d} both uniform and pointwise convergent
in [0, B]
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5. Which of the following is correct statement?

(@)
{bj
{c}

(d)

A bounded and monotonic function is
not necessarily of bounded variation

A continuous function may not be of
bounded variation

A function of bounded variation is not
necessarily continuous

A function of bounded variation is not
necessarily bounded

6. Total variation of f{x)=sinxon [0, n /2] is

(@)
{b)
{c)
(d)

nj/2
1
1/2
-1

7. The value of RS-integral [ x% dx? is

(a)
(b}
()
(d)

e b W N
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8. If fe R, then

(@)

(b)

{c)

(d)

{ £ aa|=[1f1d
{f raa|>[iflda
{ £da|<1f10

{ raa|<ifica

9. Which of the following is correct?

(@)
(®)
(c)
{d)

Measure of a singleton set {x} is 1
Measure of a singleton set {x} is O
Measure of {2,4,6, 8, -} is oo
Measure of {2,4, 6,8, ---} is 1

10. Which of the following is not measurable?

(a)
(®)
{c)
(d)

f(x=c vxeR
f +gif f and g are measurable
cf if f is measurable

f/agif f and g are any two measurable
functions

al1—600/639 { Continued }



(5)

11. If A is a measurable set, then
fa) miA) < mA {x})
(b) HA) = mA + {x))
(c) miA) < miA) + m{x)
{d) None of the above

12. Which of the following functions is not
‘measurable?

fa) f(x)=sinx in [0, n /2]
) fl=Ixlin [-1,]]
foo fx)=ixl-xin [-1]j

fd) fix)=%xs, Ais a non-measurable set

13. Let
0 , whenx is rational
Jix) = L
- |1 , whenx isirrational
flx is
fa) Riemann integrable but not Lebesgue
integrable

fb) Lebesgue integrable but not Riemann
integrable

fc¢) Both Riemann integrable and Lebesgue
integrable

{d) Neither Riemann integrable nor
Lebesgue integrable
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14. The necessary condition for equality of
E’fdx|=f1fdx|is

fa} f=20ae or f<0a.e
{b) f#0 Vxela b
fct f>0Vxelq b
(d} f<0 VYxé€lab

15. For a bounded function f on [g b] and
partition P ={A,, 4,5, -, 4,) of [a b}

@ UP f)-= Z(x“‘i, f(x}] mA; and

i=1

L(P f)= 2[ sup f(x)} mA;

i=\X€dh

(b} LEbfdx=igfL(Rﬂ

© UP f= 2‘[ sup f(xl] mA; and
i=NXEA

L= 3 int sea) ma,
i=1

@ L[ fdx=supU(B f)
@ P
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16. The equality
lim [ foldx=[flx)dx

n e A:[a,b] A
is called

fa) Lebesgue theorem on  bounded
convergence

() Monotone convergence theorem

fc) Lebesgue deminated convergence
theorem

{d) Riesz lemma

SECTION—B
( Subjective-type questions }
( Marks : 48 )

17. Answer any three parts : 4x3=12
fa) Show that the sequence {f,}, where

frlog=—1

X+

is uniformly convergent in the interval
[0, b), b>0.
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(b} Let {f,} be a sequence of functions
such that

Mim fob=f(0 x€lo b
and let M, = sup |fn(x)-flx)}
xela, b]
Prove that f,, — f uniformly on [q b} if
and only if M, -0 as n — oo,

{c) Test for uniform convergence with the
help of Weierstrass’s M-test of the series

2x 4x3_ 8x”’
7+ i g T
1+x 1+x 1+x
11
orl [_ 5} "2_]

(d) If {f,} be a sequence of continuous
functions on an interval [q b] and if
fn = f uniformly on |q b], then prove
that f is continuous on |g, bl.

(e) Show that the series

4 4
4 X x4 X
X+ +

+ 4o
1+x* +x%? 1+xH°

is not uniformly convergent on [0, 1}.
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18. Answer any three parts : 4x3=12

fa} Show that a monotonic increasing
function f in ja b] is a function of
bounded wvariation. Find the total
variation of f.

{b} Let the variation function v(x) of f be
continuous at ce€ [q b]. Prave that f is
continuous.

fc) Determine whether or not the following
function f is of bounded variation on
[0, 1.

{d) Show that a function f is RS-integrable
with respect to o on [q, b] if and only if
for every € > 0 there exists a partition P
“of [@ b] such that

UIP, f,a]-L{P, f,uo]<¢
{e} Evaluate :
[ -1 ax?

19. Answer any three parts : 4x3=12

fa) Define outer measure m A and inner
measure m, A of a subset AcCiqg b
Show that

mA<m A
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(b} If A, and A, are measurable subsets of
[a, b], then show that both A; U A; and
A; N A, are measurable.

) If f is a measurable function, then show
that |f| is also a measurable function.

{d) Show that every continuous function is
measurable.

?e) If f is a measurable function, then show
that {x: f(x) =} is a measurable set for
every o € RU { + oo},

20. Answer any three parts . 4x3=12

{a) 1If f be a bounded function on [g, b|, then
show that

Lfa fdngJ;b f dx

{b) Give an example of function which is
lebesgue integrable but not Riemann
integrable. Justify it.

{¢¢ If f and g are non-negative bounded
measurable functions defined on a set
AC la b] of finite measure, then show
that

fof +Bai=a [F+B fg
A A A
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(d} - If f is a Lebesgue integrable function on
ja b], then show that |f] is Lebesgue
integrable and

<( 171

L

{fe) State and prove Monotone Convergence
Theorem’,
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